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Abstract

The paper deals with the task of polynomial regression,
i.e., inducing polynomial that can be used to predict a cho-
sen dependent variable based on the values of independent
ones. As in other induction tasks, there is a trade-off be-
tween the complexity of the induced polynomial and its
predictive error. One of the approaches for searching an
optimal trade-off is the Minimal Description Length prin-
ciple (MDL). In our previous papers on polynomial regres-
sion, we proposed an ad-hoc MDL principle. The focus in
this paper is on developing a proper encoding schema for
polynomials that leads to a proper MDL principle for poly-
nomial regression. We implemented the developed MDL
principle as a search heuristic in CIPER, an algorithm for
inducing polynomials from data. We present an empirical
comparison between the heuristics based on the ad-hoc and
the proper MDL principle. The results show that proper
MDL principle leads to simpler polynomials with compa-
rable predictive error. Finally, we also propose a lower
bound for the proper MDL principle that allows branch-
and-bound pruning of the CIPER search space and evalu-
ate the benefits of pruning.

1 Introduction

Regression models are able to predict the value of a dependent
numerical variable from the values of independent (predictor)
variables. Typical regression models include linear equations
(the task is then refered to as linear regression) [5] and regres-
sion trees [6]. This paper deals with the task of polynomial
regression, i.e., inducing polynomial equations for regression.
Using polynomials for regression (just like using piecewise
models, e.g., regression trees) can easily lead to overfitting.
Namely, from interpolation theory it is known that a data set
of n points can be perfectly interpolated with polynomial of
(n − 1)-th degree. A rather simplified consequence of this
fact is that in the space of polynomials of arbitrary degree,we

can always find a polynomial with error0 on the training data.
Many approaches for model selection have been proposed in
the literature, which more or less successfully avoid the over-
fitting problem [7]. Minimal description length (MDL) princi-
ple is one of them.

Following the MDL principle, the quality of a model is es-
timated as the complexity of the model and the errors it makes
on training data. The complexity of the model and the errors
are measured in terms of the number of bits necessary for en-
coding them. Therefore, MDL measures always depend on the
encoding schema chosen. While encoding schemes have been
proposed for linear equations and regression (model) trees
[8], up to our knowledge no encoding schema has been pro-
posed for polynomials. The developed MDL measure is im-
plemented within CIPER [1], an algorithm for inducing poly-
nomials. Evaluation of the proper MDL on standard regression
data sets show that proper MDL leads to simpler equations
compared to the ad-hoc MDL used in the previous version of
CIPER. Furthermore, we also experimented with using lower
bound of the MDL measure for branch-and-bound pruning of
the CIPER search space. The experimental evaluation of the
branch and bound pruning shows that the lower error does not
lead to much pruning for complex noisy domains.

The paper is organized as follows. In Section 2 we introduce
CIPER and the ad-hoc MDL measure for polynomial regres-
sion. Section 3 presents the developed encoding of polyno-
mials based on a proper MDL principle. We also introduce
a lower bound for the MDL measure that allows branch-and-
bound pruning of the search space. Section 4 presents the re-
sults of empirical evaluation. Section 5 concludes the paper
and proposes directions for further research.

2 Polynomial Regression with CIPER

Every polynomial can be written in the form:
P = C +

∑m

i=1
Ti

whereTi = Ci ·
∏

xj
aj , Ci , i = 1..n andC are constants

andCi 6= 0. We sayTi is a term or monomialin P . Length of



P is Len(P ) =
∑m

i=1

∑n

j=1
aij

;, size ofP is Size(P ) = m;

and degree ofP is Deg(P ) = Maxm
i=1

∑n

j=1
aij

;

An example polynomial equation isP = 1.2x2y + 3.5xy3.
This equation has size2, degree4 and length7.

CIPER stands for Constrained Induction of Polynomial
Equations for Regression. The algorithm heuristically
searches through the space of possible equations for solutions
that satisfy the given constraints. The output of Ciper consists
of the polynomial equation, that satisfy the constraints and fit
the data best.

In Ciper we have language and complexity constraints:

• Language constraintsare in the form of sub/super poly-
nomial. With them we are fine tuning the structure of the
model. Formally, a polynomialP is sub polynomial from
a polynomialQ if for every termX in P exists a termY

in Q such that the degree of every attribute inY is bigger
than or equal to the degree of the same attribute inX .

• Complexity constraintsare constraining the complexity
of a polynomial. With them we specify maximum length,
maximum degree, and maximum number of terms of the
polynomial.

A top-level outline of the search algorithm is shown in Table
1. First, the beam is initialized either with a constant polyno-
mial P = C, or with a given initial polynomial. In every
search iteration, a set of polynomials is generated from the
beam using the refinement operator. The coefficients before
the terms are fitted using linear regression. For each of the
polynomials the MDL value is calculated. The ones with the
smallest MDL values are placed in the beam if the MDL value
is less than the average MDL value of the polynomials in the
beam multiplied with improvement coefficient. The evaluation
stops when no polynomial can be generated from the beam or
no polynomial is placed in the beam.

Table 1: A top-level outline of the CIPER algorithm.

procedure CIPER(Data, InitialPolynomial, Constraints)
InitialPol = FITPARAMETERS(InitialPolynomial,Data)
Q = {InitialPolynomial}
repeat

Qr = {refinements of all equation structures inQ

that satisfy the constraintsConstraints}
foreach equation structureE ∈ Qr do

E = FITPARAMETERS(E,Data)
endfor
Q = {bestb equations fromQ ∪ Qr}

until Q unchanged during the last iteration
print Q

We are potentially dealing with large amounts of data that
we think of as a table or as a dataset. The data can be repre-
sented in a matrixX , where the number of rows is the num-
ber of instances, and the number of columns is the number of
attributes plus one (the first column is field with ones). We

Figure 1: Overview of the refinement operator

calculate the coefficientsci of the equation as

c = (XT · X)−1 · (XT · y)

wherey is the vector of values that we are trying to predict. In
this equation the multiplication is computationally expensive
because of the large number of rows. If we have termsT1,T2,
T3 andT4 such thatT1 · T2 = T3 · T4 then the appropriate
elements in their matrices are equal. We store all generated
elements in the matrices for every polynomial in an array. We
use it later to calculate the matrices of the subsequently gener-
ated polynomials. This optimization considerably lowers the
amount of calculations.

The refinement operator increases the length of an equation
by one, either by adding a first degree term or by multiplying
an existing term by a variable. This operator have several good
properties:

• In this way all possible equations can be generated.

• The complexity of the equation is slowly increased.

• The squared error is reduced when adding a term [10].

• Every newly generated polynomial using this operator is
super polynomial of the one that it is generated from.

Because of commutativity of the addition and multiplica-
tion, one equation can be generated in more than one way (Fig-
ure 2). However, in our algorithm we avoid this problem.

We use minimum description length theory for calculating
the complexities of the models. We tested two approaches for
MDL, ad-hoc MDL and proper MDL. Ad-hoc MDL heuristics
is

MDL(P ) = len(P ) · log(m) + m · log(MSE(P ))

whereP is the polynomial equation being evaluated,len(P )
is its length,MSE(P ) is its mean squared error, andm is
number of training examples.

The best way of combining complexity and error is with a
proper theoretical based MDL heuristics. MDL is based on
two ideas:

• The model can be used to compress the data

• The better we are able to compress the data using the
model, the better is the model we have induced

This gives us two ways of comparing two polynomial mod-
els. The first based on the Ad-Hoc MDL heuristics and the
second based on the theoretical MDL.



3 Proper MDL for Polynomial Regres-
sion

The Minimum Description Length (MDL) Principle [12], [13],
and [4], is a method for inductive inference that provides a
generic solution to the model selection problem. It choosesa
model that makes a trade off between well fitting the data and
the complexity of the model. There are two approaches for
applying MDL. The first one is called two-part code version of
MDL. Here is the definition [12]:

LetH1, H2, ... be a list of candidate models, each containing
a set of point hypotheses. The best point hypothesisH ∈ H1∪
H2 ∪ ... to explain the dataD is the one which minimizes the
sumL(H) + L(D|H), where

• L(H) is the length, in bits, of the description of the hy-
pothesis;

• L(D|H) is the length, in bits, of the description of the
data when encoded with the hypothesis.

This approach is problematic. Its often impossible to make an
ordering of the models according to the requirements of the
problem. This led to the second approach called refined MDL.
Here we are minimizing the sumCOMP (H ′) + L(D|H)
whereH ′ is the model (which contains more point hypothe-
ses),COMP is the complexity.

As mentioned before MDLCiper has an heuristic function
based on MDL theory. We are coding the polynomial and the
errors. The length of this code is the complexity of the model.

For coding the errors we use the approach of Rissanen [9]
and [8] for coding a sequence of integers. The universal code
for integerx is

• UIC(0) = 1

• UIC(x) = 1+ log2(2.86...)+ log2(x)+ log2(log2(x))+
...

The sum stops when we encounter a negative number (the neg-
ative number is not taken).

For given precisionǫ the code of a real numberx is L(x) =
UIC([x

ǫ
]).

The actual coding algorithm is not given. It is only proved
that the length of the function has the desired properties. The
intuition behind the formula is that in order to code the in-
teger n with a self contained prex code we need, besides
log2(x) bits, also the preamble of the code, which contains
the information about the length of the code (log2(log2(x))
bits), and since this preamble also needs to be coded we need
log2(log2(log2(n))) bits for coding its length and so on. Since
this code was developed on the basis of the universal prior
probabilities for integers it requireslog2(2.865064), which
guarantees that the sum of probabilities for all positive inte-
gers equals1. Additional1 bit represents bounds between the
encoding.

For the coding of the structure we first partition all polyno-
mial structures in groups, such that the structures in one group
have same degrees for every term. The intuition behind this is
that the structure of this polynomials should have same com-
plexity. We are actually choosing one structure from some
group. If the number of all polynomials in this group isN ,
using the refined MDL principle, this structure has complexity
log2(N). The numberN can be easily calculated, for more
details see [10]

For a given polynomial, we code the errors, the structure, the
degrees of the polynomial, the number of terms (usingUIC),
and the coefficients (using fixed code), for more details see
[10] The length of this code is the complexity of the model.

The new MDL heuristics have several good properties. It
enabled us to do branch and bound pruning, but we will show
in Section 4 that this is useful only when we have very accurate
models. We are calculating complexity in a formal way, and
with this avoiding the problem with ad-hoc heuristics. There
is a simple way of generating more complex or more simple
models, with only resizing the data [10].

For the calculation of the coefficients we do a simple linear
regression. Linear regression minimizes the square error.We
proved thatUIC is almost convex function (there are some
extreme points whereUIC is not convex). This means that we
are minimizing MDL, (or almost minimizing it) which allows
the use of linear regression.

If we want to apply branch-and-bound pruning we need
lower bound for the heuristic measures of the models. We
proved that with ad-hoc MDL we don’t have lower bound [10].
However with the proper MDL heuristic we can find some
lower bound. Before fitting the coefficients of a generated
equation, we can easily calculate the code length of the equa-
tion structure, and use this as a lower bound for the structure.
Lower bound of the code for the errors is

∑
UIC(0) = N

whereN is the length of the data. Such lower bound is very
small, but we try to use it.

We have implemented proper MDL based Ciper, and we
present the results obtained with pruning in Section 4.

4 Empirical Evaluation

We used the same settings for the experiment as in our previous
work [1].

First we present the differences between the errors that the
models generated with ad-hoc and proper mdl Ciper (figure
2). We also present the differences with the model trees and
regression trees. Note that Ciper generally performed better
than other methods it was compared with.

We noticed that in some cases the error decreased, and in
some increased. We also present the search space complex-
ity i.e the number of generated equations. From Table 3 we
notice that, generally, proper MDL generates simpler polyno-
mials than ad-hoc MDL.



Table 2: Ad-Hoc and proper MDL, relative errors
Ad-hoc Modal Regres. MDL Search

Data set Ciper Trees Trees Ciper space
autoprice 0,4012 0,3676 0,5382 0.4434 (-) 3138
baskball 0,7959 0,7959 0,9139 0.8279 (-) 480
bodyfat 0,1679 0,1612 0,3201 0.1393 (+) 5583
cal-housing 0,5386 0,4874 0,5161 0.6004 (-) 3595
elusage 0,5216 0,5755 0,6948 0.4083 (+) 274
fried-delve 0,3196 0,2766 0,3566 0.4176 (-) 4569
house-8l 0,6159 0,5954 0,6270 0.6820 (-) 7394
housing 0,4205 0,4177 0,5050 0.4785 (-) 9853
kin-8nm 0,6025 0,6060 0,6864 0.8054 (-) 73
mbagrade 0,9167 0,9167 1,0104 1.0000 (-) 114
pw-linear 0,6273 0,3236 0,5713 0.5177 (+) 5900
quake 1,0000 1,0017 1,0051 1.0000 (=) 42
vineyard 0,7312 0,8605 0,8489 0.7197 (+) 235

The complexity of the induced polynomial is smaller in al-
most all cases, and in some cases a lot smaller. This generally
results in increased relative error, but the general complexity
of the model is always smaller.

Table 3: Ad-Hoc and proper MDL, size of the polynomial
Ad-hoc Ciper MDL Ciper

Data set Size Len Deg Size Len Deg
autoprice 5 5 2 2 5 5
baskball 3 2 1 3 4 3
bodyfat 8 11 3 4 4 2
cal-housing 24 81 17 8 7 1
elusage 3 3 2 3 3 2
fried-delve 7 7 2 7 7 2
house-8l 35 163 13 5 13 4
housing 15 32 4 8 9 2
kin-8nm 13 16 2 3 2 1
mbagrade 3 2 1 1 0 0
pw-linear 10 12 2 6 5 1
quake 2 1 1 1 0 0
vineyard 4 4 2 2 4 4

All the experiments are done with and without branch and
bound pruning. Only in one case (bodyfat) ciper searched
smaller number of equations. We proved that pruning only
has effect when the models make small error [10]. Even small
amounts of noise can totally reduce pruning. This is however
expected.

5 Conclusion

We have presented a theoretical MDL based procedure for in-
duction of polynomial models. We have compared it with orig-
inal ad-hoc based MDL and showed that the equations that are
produced with the theoretical MDL are simpler than the one
produced with ad-hoc MDL. We also showed that pruning of
equations have effect only when the generated model is very
accurate.

Future work involves modeling a MDL heuristic using Ris-
sanen approach for calculating the complexity of a linear re-
gression model [4]. In his work the error is not coded using
universal integer codding but instead knowing that they are
normally distributed he obtains the exact formula for the com-
plexity of the model together with the data. For this to work

the target variable also has to be normally distributed. Butwe
already supposed this because we are using the method of least
squares for minimization of the squared error. This makes the
Rissanen approach perfect for our task.

We have successfully reduced the complexity of the modes,
but on the cost of the error. Supposing a prior distribution for
codding the model may ultimately lead also to more accurate
models, what will be the focus of our future work.
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[2] L. Todorovski, S. Džeroski, and P. Ljubic. Discovery ofpoly-
nomial equations for regression. InProc. Sixth International
Multi-Conference Information Society, Volume A, pages 151-
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